Holographic Dark Energy Models and Higher Order Generalizations in
  Dynamical Chern-Simons Modified Gravity by Pasqua, Antonio et al.
Eur. Phys. J. C manuscript No.
(will be inserted by the editor)
Holographic Dark Energy Models and Higher Order Generalizations in
Dynamical Chern-Simons Modified Gravity
Antonio Pasquaa,1, Roldão da Rochab,2,3, Surajit Chattopadhyay c,4
1Department of Physics, University of Trieste, Trieste, Italy.
2Centro de Matemática, Computação e Cognição, Universidade Federal do ABC, 09210-170, Santo André, SP, Brazil
3International School for Advanced Studies (SISSA), Via Bonomea 265, 34136 Trieste, Italy
4Pailan College of Management and Technology, Bengal Pailan Park, Kolkata-700 104, India.
Received: date / Accepted: date
Abstract Dark Energy models are here investigated and stu-
died in the framework of the Chern-Simons modified grav-
ity model. We bring into focus the Holographic Dark En-
ergy (HDE) model with Granda-Oliveros cut-off, the Modi-
fied Holographic Ricci Dark Energy (MHRDE) model and,
moreover, a model with higher derivatives of the Hubble pa-
rameter as well. The relevant expressions of the scale fac-
tor a(t) for a Friedmann-Robertson-Walker Universe are de-
rived and studied, and in this context, the evolution of the
scale factor is shown to be similar to that one displayed by
the modified Chaplygin gas in two of the above models.
1 Introduction
Cosmological data obtained from different independent ob-
servations of SNeIa, CMB radiation anisotropies, X-ray ex-
periments and Large Scale Structures are well known to point
toward the accelerated phase of expansion of the Universe
[1–7].
The cosmological constant Λ model, Dark Energy (DE)
models and theories of modified gravity, among other at-
tempts, have been approached in order to provide an expla-
nation for the accelerated expansion of the Universe [8–12].
The cosmological constantΛ stands for the most straightfor-
ward candidate suggested to explain the observational ev-
idence for it. The fine-tuning and the cosmic coincidence
problems are questions still underlying the cosmological con-
stant model [13, 14].
A model for DE, motivated by the holographic principle,
was proposed [15] and further studied in [16–25]. The holo-
graphic model of DE (HDE) has been in addition compre-
hensively investigated [26–34]. The HDE model has been
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further employed to drive inflation of the Universe [35], and
considered in [32, 36–39] with different IR cut-offs. For
example the future event and the particle horizons and the
Hubble horizon were considered as well. Moreover, corre-
spondences between the HDE model and other scalar field
models have been recently suggested [40]. The HDE model
fits the cosmological data by CMB radiation anisotropies
and SNeIa [41, 42].
Recently, the cosmic acceleration has been also well stud-
ied by a promising modified gravity model that has recently
attained visibility: the modified gravity Chern-Simons model
[43]. The low-energy limit of string theory comprises a cor-
rection that cancels the anomalies to the Einstein-Hilbert ac-
tion, wherein the Chern-Simons modified gravity is derived
as an effective theory. Gravitational parity violation was first
investigated using this framework [43], appearing both in 4D
compactifications of perturbative string theory and further in
loop quantum gravity as well, when the Barbero-Immirzi pa-
rameter emulates a scalar field coupled to the Nieh-Yan in-
variant [44–47]. In the Chern-Simons modified gravity, the
Pontryagin topological invariant is well known not to affect
the field equations. Thus the so called Chern-Simons cor-
rection consists of the product of the Pontryagin density by
a scalar field, regarded as either a dynamical evolving field
or a non-dynamical background field. In the former case,
the dynamical Chern-Simons modified gravity (DCSMG) is
therefore approached [48, 49]. Some efforts have recently
provided bounds to the Chern-Simons parameter, accord-
ingly [50].
In this paper, we study the many faces of DE models
in the context of the dynamic formulation of Chern-Simons
gravity, where the coupling constant is promoted to a scalar
field. Recent applications include for instance neutron star
binary [51]. We shall investigate three different DE mod-
els: the HDE model with Granda-Oliveros (GO) cut-off, the
Modified Holographic Ricci Dark Energy (MHRDE) model
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2and a recently proposed model with higher derivatives of the
Hubble parameterH [52] in the framework of Chern-Simons
gravity, in order to obtain the expressions of the scale factor
for each model. We prove that both the HDE model with GO
cut-off and the model with higher derivatives of the Hub-
ble parameter H in the framework gravity Chern-Simons are
related to the modified Chaplygin gas models [56–58] that
further represent the well known models of dark energy as
Chaplygin gas [53–55].
The paper is organized as follows. In Section II, we briefly
revisit dynamical Chern-Simons modified gravity model. In
Section III, we describe the three different DE models con-
sidered in this work in the framework of the Chern-Simons
modified gravity models and we derive the relevant expres-
sions of the scale factor a(t). Finally, in Section IV, we write
the conclusions of this work.
2 Chern-Simons Gravity
This section is devoted to provide the main features of the
Chern-Simons modified gravity model. A homogeneous and
isotropic Universe described by the Friedmann-Robertson-
Walker (FRW) metric is governed by the metric
ds2 =−dt2 +a2 (t)
(
dr2
1− kr2 + r
2dθ 2 + r2 sin2 θdφ 2
)
, (1)
where a(t) is the scale factor and k denotes the curvature
parameter assuming the values +1, 0 and−1 leading respec-
tively to an open, a flat or a closed Universe. The action for
the Chern-Simons (CS) theory is given by [48–51]:
S =
1
16piG
∫
d4x
[√−gR+ `
4
θ ?RρσµνRσρµν
−1
2
gµν∇µθ∇νθ +V (θ)
]
+Smat , (2)
where G represents the Newton’s gravitational constant, g is
the determinant of the spacetime metric gµν , R = gµνRµν
denotes the Ricci scalar defined with the Ricci tensor Rµν =
Rρµρν , and R
µ
νρσ stands for the Riemann tensor components
and ?Rρσµν := 12ε
µναβRρσαβ denotes the components of
the Hodge dual Riemann tensor. The term ` denotes the 4D
coupling constant, ?RρσµνRστµν is the Pontryagin invariant,
and the function θ indicates the dynamical scalar field of the
model and Smat represents the action of matter. For simplic-
ity we consider the potentialV (θ) equal to zero. The second
term, which is called the Chern-Pontryagin (CP) term, can
be converted to the CS term via partial integration as
− `
32piG
∫
d4x
√−gεµνσρ∂µθ
(
Γ ανβ∂σΓ
β
ρα +
2
3
Γ τναΓ
α
σβΓ
β
τρ
)
.
The third term in Eq. (2) is the kinematic term for θ . By
varying the action S given in Eq. (2) with respect to the met-
ric tensor gµν and to the scalar field θ , the following field
equations are respectively obtained:
Gµν + `Cµν = 8piGTµν , (3)
gµν∇µ∇νθ = − `64pi
?RρσµνRστµν , (4)
where Gµν represents the Einstein tensor components and
Cµν indicates the Cotton tensor:
Cµν = − 1
2
√−g
((
∇ρθ
)
ερβτ(µ∇τR
ν)
β
+
(
∇σ∇ρθ
)
?Rρ(µν)σ
)
. (5)
The energy-momentum tensor Tµν = T˚µν+T θµν has two terms:
T θµν = −
1
2
gµν∇ρθ∇ρθ +∇µθ∇νθ , (6)
T˚µν = p˚gµν +(ρ˚+ p˚)UµUν . (7)
The term T θµν represents the scalar field contribution and T˚µν
indicates the energy-momentum tensor of the corresponding
DE model. Furthermore, Uµ = (1,0,0,0) denotes the stan-
dard time-like 4-velocity, ρ˚ represents the energy density
and p˚ stands for the pressure of the DE model to be consid-
ered. The component T00 provides the Friedmann equation
G00 +C00 = T˚00 +T θ00, (8)
for
G00 = 3
(
a˙2
a2
+
k
a2
)
, T θ00 =
1
2
θ˙ 2, T˚00 = ρ˚, (9)
where ( ˙ ) = d/dt. Moreover, as the components of the Cot-
ton tensor vanish for all spherically symmetric metrics [49],
in particular C00 = 0. Therefore, the Friedmann equation
reads
a˙2
a2
+
k
a2
=
1
3
ρ˚+
1
6
θ˙ 2. (10)
It is worth to emphasize that Eq. (10) takes into account
8piG= 1.
In what follows we study Eq. (10) in the context of the
modified Chern-Simons modified gravity for three different
DE models, namely, the HDE model with Granda-Oliveros
cut-off, the MHRDE model and a recent DE model which
involves the Hubble parameter squared and the first and the
second time derivatives of the Hubble parameter. We shall
derive an expression of the scale factor for each one of these
models.
3 Dark Energy Models in Chern-Simons Gravity
In this Section, our aim is to give a brief description of the
DE models dealt with and to study their behavior in the
framework of Chern-Simons modified gravity model, in or-
der to find the expressions of the scale factor a(t). In the first
subsection, we will consider the HDE model with Granda-
Oliveros cut-off, in the second subsection the MHRDE model
while in the third one the model with higher derivatives of
the Hubble parameter H.
33.1 The HDE Model with GO Cut-off
Granda and Oliveros introduced a new IR cut-off, by includ-
ing a term proportional to H˙ and one term proportional to
H2. This new IR cut-off LGO is known as Granda-Oliveros
(GO) scale, provided by [59, 60]:
LGO =
(
αH˙+βH2
)−1/2
, (11)
where α and β represent two constant parameters. As the
underlying origin of the HDE model lacks, the term with the
time derivative of the Hubble parameter is expected, since
this term appears in the curvature scalar [59, 60].
The expression of the HDE energy density with LGO cut-
off is given by:
ρDGO = 3c
2 (αH˙+βH2) , (12)
where the numerical constant c arises from observational
data. For a flat [non-flat] Universe we have c = 0.818+0.113−0.097[
c= 0.815+0.179−0.139
]
[26, 27]. It is worth to emphasize that the
Planck mass Mp is considered hereon normalized to the unit.
In the limiting case corresponding to α = 1 and β = 2,
the scale LGO reduces to the average radius of the Ricci
scalar curvature, when k = 0 in Eq.(1), corresponding to a
flat Universe. DE models that consider the GO scale avoid
the causality problem.
The Friedmann equation (10), when the energy density
of DE in Eq. (12) is taken into account, reads (here we con-
sider the normalization ρDGO/c
2 7→ ρDGO ):
a˙2
a2
+
k
a2
= αH˙+βH2 +
1
6
θ˙ 2 , (13)
which can be written by substituting H˙ = a¨a − a˙
2
a2 as
a˙2
a2
+
k
a2
= α
[
a¨
a
− a˙
2
a2
]
+β
a˙2
a2
+
1
6
θ˙ 2. (14)
We now want to make some considerations about the field
equation associated with the scalar field given in Eq. (4). The
FRW metric yields ?RρσµνRσρµν = 0, thus Eq. (4) reads
gµν∇µ∇νθ = gµν
[−Γ ρµν∂ρθ +∂µ∂νθ]= 0. (15)
By choosing θ = θ(t) [43], Eq. (15) leads to:
θ¨ +3
a˙
a
θ˙ = 0 , (16)
what implies that
θ˙ =Ca−3, (17)
where C represents a constant of integration. Substituting it
into Eq. (14), we obtain the following expression:
α
a¨
a
+(β −α−1) a˙
2
a2
− k
a2
+
D1
a6
= 0, (18)
where D1 = C
2
6 . For the sake of simplicity, the following
change of variable
u(a) =
da
dt
, (19)
leads to find t in terms of the scale factor:
t =
∫
u(a)−1 da. (20)
Hence, Eq. (19) provides Eq. (18) to be rewritten as follows:
αu
du
da
+(β −α−1) u
2
a
− k
a
+
D1
a5
= 0. (21)
An expression of u(a) is not integrable according to Eq.
(20), and therefore we consider the case corresponding to
k = 0, a flat Universe. Thus, Eq. (21) can we written as fol-
lows:
αu
du
da
+(β −α−1) u
2
a
+
D1
a5
= 0 , (22)
whence we can find the general solution
u(a) = a−2
√
D1 +C1 (1+3α−β )a
2(1+3α−β )
α
1+3α−β , (23)
where C1 represents a constant of integration. Using Eq.
(20), it reads
t =
√
1+3α−β
∫ a2√
D1+C1 (1+3α−β )a
2(1+3α−β )
α
da (24)
which leads to the following solution:
t =
a3
3
√
1+3α−β
D1
×2F1
[
1
2
,vα,β,1+ vα,β ,
(β−3α−1)a 2(1+3α−β )α C1
D1
]
, (25)
with 2F1 representing the hypergeometric function and vα,β ≡
3α
2(1+3α−β ) . Some considerations about the values assumed
by the parameters in the hypergeometric function can be as-
serted, in order to find a possible analytical solution. We can
analyze the result obtained in Eq. (25) by writing the hyper-
geometric function as a hypergeometric series:
2F1
[
1
2
,
1
2
,
3
2
,−const× x2
]
=
arcsinh
(√
const× x)√
const× x . (26)
These new results are prominent solutions, and the limiting
case described in Eq. (26) is obtained in Eq. (25) when β =
1, leading to the well known results in [61, 62]:
t =
1
3
√
C1
arcsinh
[√
3αC1
D1
a3 (t)
]
. (27)
In this way, the final expression of the scale factor
a(t) =
(
C2
18αC1
) 1
6
sinh
1
3
(
3
√
C1t
)
, (28)
yields the results [63, 64] in this limiting case.
43.2 The MHRDE Model
We consider now the holographic cosmological model with
IR cut-off given by the modified Ricci radius so that the re-
spective energy density is a combination of H2 and H˙ [65–
67], which reads:
ρ˚MHRDE =
2
α−β
(
H˙+
3α
2
H2
)
, (29)
where α and β are two constant parameters. In the limit-
ing case corresponding to (α = 4/3,β = 1) we obtain that
ρ˚MHRDE becomes proportional to the Ricci scalar curvature
R for a spatially flat FRW space-time. The use of the MHRDE
is motivated by the holographic principle because it is pos-
sible to relate the DE with an UV cut-off for the vacuum
energy with an IR scale such as the one given by the Ricci
scalar curvature R.
By a similar procedure as in the previous Section, we
obtain the following differential equation:
2
3(α−β )u
du
da
+
3β −2
3(α−β )
u2
a
− k
a
+
D2
a5
= 0, (30)
where D2 = D1 = C
2
6 , which can be also written as follows:
u
du
da
+A
u2
a
−Bk
a
+
D3
a5
= 0, (31)
where A= 3β−22 , B=
3(α−β )
2 and D3 =
C2(α−β )
4 . Our calcu-
lations are severely simplified by considering a flat Universe
(k = 0), since the case with k 6= 0 leads to equations which
cannot be solved analytically. Thus, Eq. (31) can be rewrit-
ten as
u
du
da
+A
u2
a
+
D3
a5
= 0 , (32)
which has the following solution:
u(a) = a−2
√
C2 (A−2)a4−2A−D3
A−2 , (33)
where C2 is a constant of integration.
It is thus possible to find now a relation between t and
the scale factor:
t =
√
A−2
∫ a2√
−D3 +C2 (A−2)a4−2A
da
=
a1+2A
√
AC2 (A−2)a−2A−AD3a−4
(A+1)C2
√
A(A−2)
×2F1
[
1,1+
3
2(A−2) ,
3(A−1)
2(A−2) ,
D3a2A−4
C2 (A−2)
]
. (34)
The case corresponding to A = 5 is going to be regarded
for the sake of simplicity, as it is the single case that brings
forth an analytical solution. It implies that β = 4 and D3 =
C2(α−4)
4 , and Eq. (34) leads to the following expression:
t =
√
C2
D3
√
1− D3a
6
3C2
, (35)
what provides the scale factor
a(t) =
[
12C2
C (α−4) −
3C (α−4)
4
t2
] 1
6
. (36)
Eq. (36) implies that α 6= 4 in order to avoid singularities.
Moreover for 12C2C2(α−4)  1 we obtain a(t) ∝ t
1
3 .
3.3 Model with Higher Derivatives of the Hubble
Parameter H
We now consider a DE model proposed in [52], containing
three different terms: one proportional to the squared Hubble
parameter, one to the first derivative with respect to the cos-
mic time of the Hubble parameter and another proportional
to the second derivative with respect to the cosmic time of
the Hubble parameter:
ρ˚higher = 3
(
α
H¨
H
+β H˙+ γH2
)
, (37)
where α , β and γ are arbitrary dimensionless parameters.
Such model can be reduced to the dark energy and Ricci-
like dark energy models, for instance [68]. The profile of the
dark energy and the expansion of the Universe depends on
the parameters α,β ,γ of the model. The main motivation
regarding this model resides on the alleviation of the age
problem of three old objects, namely, LBDS 53W091, APM
08279+5255, LBDS 53W069 [69–71] for the chosen param-
eters. The energy density given in Eq. (37) can be considered
as an extension and generalization of other two DE models
widely studied recently, i.e. the Ricci DE (RDE) model and
the DE energy density with Granda-Oliveros cut-off. In fact,
in the limiting case corresponding to α = 0, we obtain the
energy density of DE with Granda-Oliveros cut-off, and in
the limiting case corresponding to α = 0, β = 1 and γ = 2,
we recover the RDE model for flat Universe as well.
The approach to this model is slightly different to the
previous two models. By substituting Eqs. (17) and (37) in
Eq. (10), along with the new variable x= lna, the following
differential equation for H2 is obtained:(
α
2
d2
dx2
+
β
2
d
dx
+(γ−1)
)
H2− ke−2x+D4e−6x = 0, (38)
where D4 = D1 = C
2
6 and
d
dx = H
d
dt . The limiting case cor-
responding to k = 0 is concerned in order to have analytical
solutions of the quantities involved. Hence, Eq. (38) can be
written as follows:
α
2
d2H2
dx2
+
β
2
dH2
dx
+(γ−1)H2 +D4e−6x = 0 (39)
having as a solution
H2 (x) =
D4e−6x
1−18α+3β − γ +C3e
− β+
√
β2−8α(γ−1)
2α x
+C4e−
β−
√
β2−8α(γ−1)
2α x (40)
5Passing back from x to a, Eq. (40) reads
H2 =
D4a−6
1−18α+3β − γ +C3a
− β+
√
β2−8α(γ−1)
2α
+C4a−
β−
√
β2−8α(γ−1)
2α . (41)
Moreover, using now Eq. (19) in Eq. (41) yields
u(a) =
(
D4a−4
1−18α+3β − γ +C3a
− β−4α+
√
β2−8α(γ−1)
2α
+C4a−
β−4α−
√
β2−8α(γ−1)
2α
) 1
2
. (42)
Two different limiting cases of Eq. (42) lead to two different
solutions. In the first case, we choose β 2− 8α (γ−1) = 0
andC3 =−C4, what makes Eq. (42) to assume the following
expression:
u(a) =
1
a2
√
D4
1−18α+3β − γ
=⇒ t = a
3
3
√
1−18α+3β − γ
D4
. (43)
We can hence obtain the expression of the scale factor from
Eq. (43):
a(t) =
[
C2
6(1−18α+3β − γ)
] 1
6
(3t)
1
3 . (44)
In the second case, besides assuming that β 2−8α (γ−1) =
0, we also consider the case corresponding toC3 =C4. Thus
Eq. (42) yields
u(a) =
√
D4a−4
1−18α+3β − γ +2a
2− β2α , (45)
leading to
t =
a3
3
√
1−18α+3β−γD4
× 2F1
[
1
2
,
6α
12α−β ,1+
6α
12α−β ,
2(γ−3β+18α−1)a6− β2α
D4
]
.
Here a similar limit can be regarded in Eq. (26), which is
recovered for β = 0 irrespective of the value of α , and we
obtain the following solution:
t =
1
3
√
2
arcsinh
√2(1−18α− γ)
D4
a3
 , (46)
which leads to the following solution for the scale factor:
a(t) =
[
C2
12(1−18α− γ)
] 1
6
sinh
1
3
(
3
√
2t
)
. (47)
Some considerations about the values of α and γ in Eq. (47)
can be summoned now. The condition β 2 = 8α (γ−1) obvi-
ously reads 8α (γ−1) = 0 for β = 0, implying a tricotomy:
1) α = 0 and γ 6= 1, 2) α 6= 0 and γ = 1 and 3) α = 0 and
γ = 1. We analyze the respective solutions for these three
conditions. For the case 1),
a(t) =
[
C2
12(1− γ)
] 1
6
sinh
1
3
(
3
√
2t
)
. (48)
Instead, for the case 2) we obtain the scale factor in the form
a(t) =
[
C2
−216α
] 1
6
sinh
1
3
(
3
√
2t
)
. (49)
Finally, for case 3), Eq. (47) diverges since 1−18α−γ = 0.
This result is in agreement with the one when α = β = 0 and
γ = 1 in Eq. (10): with this combination of the parameters,
we obtain the equationCa−6 = 0, which solutions areC= 0
or a→ ∞ (which is the result with the case 3)). Thus, the
combination of values considered in 3) cannot be regarded,
since it does not produce an analytical solution.
4 Conclusions
In this work we studied the behavior of three different DE
models: the HDE model with Granda-Oliveros cut-off, the
MHRDE model and the model with higher derivatives of
the Hubble parameter H, in the framework of the Chern-
Simons modified gravity model. For each of these models,
we derived the respective scale factors a(t).
For the HDE model with GO cut-off, the scale factor
a(t) is an hyperbolic sine function of cosmic time. Never-
theless, in the MHRDE model paradigm the scale factor is
a power law of the time, and finally, according to the values
of the parameters involved for the model with higher deriva-
tives of the Hubble parameter, we have either a power law
solution or a(t) proportional to a hyperbolic sine function.
The scale factor obtained in Eq. (28) for the HDE with
GO cut-off and in Eqs. (48) and (49) for the model with
higher derivatives of H are similar to those obtained in [61,
63, 64]. For this reason, we conclude that, for suitable choices
of the parameters involved, the HDE model with GO cut-off
and the model with higher derivatives of the Hubble param-
eter H in the framework of Chern-Simons modified gravity
have the same results obtained from the modified Chaplygin
gas [56–58], namely, the results clearly indicate that there
is a agreement between both the the HDE model with GO
cut-off and the model with higher derivatives of the Hubble
parameter H in the framework gravity Chern-Simons, and
the modified Chaplygin gas. It is worth to emphasize that as
Ricci dark energy in Chern-Simons modified gravity is re-
lated to Ricci dark energy with a minimally coupled scalar
when choosing the FRW metric, the above mentioned simi-
larity between them is limited to the de Sitter phase derived
by the cosmological constant in the future [62].
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